The guiding center approximation represents a very powerful tool for analyzing and modeling a charged particle motion in strong magnetic fields. This approximation is based on conservation of the adiabatic invariant, magnetic moment. Hamiltonian equations for the guiding centre motion are traditionally intoduced using a non-canonical symplectic structure. Such approach requires application of non-canonical Hamiltonian perturbation theory for calculations of the magnetic moment corrections. In this study we present an alternative approach with canonical Hamiltonian equations for guiding centre motion in time-dependent electromagnetic fields. We show that the derived Hamiltonian decouples three types of motion (gyrorotation, field-aligned motion, and across-field drifts), and each type is described by a pair of conjugate variables. This form of Hamiltonian and symplectic structure allows simple introduction of adiabatic invariants and can be useful for analysis of various plasma systems.
Introduction
Charged particle dynamics in electromagnetic fields includes a Larmor (gyro) rotation around a magnetic field. For a sufficiently strong field, this rotation is the fastest motion in the system, and thus such fast periodic motion allows averaging which gives the adiabatic invariant -magnetic moment [1] . The guiding center approximation [17, 19] describes such averaged charged particle dynamics and represents a very powerful tool for investigation of various plasma systems (see, e.g., review in Ref. [7] and references therein).
To derive equations describing guiding center motion of charged particles, one needs to introduce the magnetic moment as a new variable. Although, the required canonical transformation (through the generating function) has been proposed [10] , this transformation has found almost no implementations in plasma physics (see discussion in Ref. [11] ). Then, the alternative approach was proposed in Refs. [14, 15] which considers non-canonical variable transformations that result in the Hamiltonian equations with a non-standard (non-canonical) symplectic structure for the particle guiding center [21, 7] . This is the most widespread approach applied for description of a guiding center motion in many space and laboratory plasma systems [5, 9, 4, 6, 22] . The Hamiltonian derived using non-canonical variable transformation requires application of the non-canonical perturbation theory for evaluations of the higher order corrections. This complicates the usage of this Hamiltonian for description of plasma systems with a magnetic moment destruction (even if this destruction is weak), e.g., systems with the resonant wave-particle interaction violating the magnetic moment conservation.
Even in systems with the magnetic moment destruction due to magnetic field temporal/spatial inhomogeneities, the magnetic moment is often well conserved for almost entire particle orbit and experiences some variations only around spatially localized region. Therefore, using magnetic moment as a charged particle coordinate (in the velocity space) can significantly simplify the particle dynamics description. In this paper, we present a methodology of derivation of canonical Hamiltonian equations for guiding centre motion in time-dependent electromagnetic field introduced through the symplectic structure approach. For the case of time-independent magnetic field see, e.g., [3] , Sect. 6.4.1.
Original equations
Consider motion of a nonrelativistic charged particle (charge e, mass m) in an electromagnetic field with the magnetic component B(r, t) = (B x , B y , B z ) and the electric component E(r, t) = (E x , E y , E z ). Here r = (x, y, z) is the position vector of the particle in Cartesian coordinates x, y, z, and t is time.
Equations of motion of the particle arė
Denote p = mv. Introduce time as a new phase variable ϑ:θ = 1. Go to the extended phase space with additional phase variables ϑ, P ϑ . Introduce the nondegenerate 2-form
where
∂B ∂t imply that the form Θ ϑ is closed: dΘ ϑ = 0. Thus Θ ϑ can be used as a symplectic structure. The direct calculation shows that Hamiltonian equations with this symplectic structure and Hamilton's function
are equivalent to equations (1) (for time independent magnetic field this calculation is contained, e.g., in [18] , Sect. 13.1).
Guiding centre Hamiltonian
Make variable transformation r → η = (α, β, R ), where β and α are normalized Euler potentials [20] , i.e. B = B 0 ∇β × ∇α, and R is a fieldaligned coordinate. Here B 0 = const is a typical magnetic field magnitude. This variable transformation is always possible locally due to the Darboux theorem (see Ref. [2] , Sect. 43.B). This transformation is determined by a vector function f(η, ϑ), i.e. r = f(η, ϑ). Then
(note ∂/∂η is the gradient in η = (α, β, R ) space). DenoteR
Let us consider the first term of symplectic structure (2):
where P = pR = (P α , P β , P ) is a new momentum conjugate to η, V = ∂f/∂ϑ, and F = PR −1 V (note vectors are considered to be vector-row or vector-column depending on equation meaning).
The last term of symplectic structure (2) is
Thus, sum of Eq. (8) and the last term of Eq. (4) gives
Using new variables (η, P), we rewrite Hamilton's function (3) and symplectic structure (2) as
We know that the form Θ ϑ is closed: dΘ ϑ = 0. The terms dP ∧ dη, dP ϑ ∧ dϑ, dα ∧ dβ, and dF ∧ dϑ in Eq. (10) are also closed forms. Thus we can write
Therefore electric fieldẼ is potential, i.e. the variable transformation r → η results in vanishing of nonpotential part of electric field. We introduce the potential ϕ forẼ:Ẽ = −∂ η ϕ. Hamilton's function and symplectic structure take the forms
We return to the time-dependent system (time is not a phase variable anymore) and substitute F . Then we get the Hamiltonian system with the following Hamilton's function and symplectic structure:
Hamiltonian (12) can be rewritten as
Here and below the superscript T denotes the transposition. Terms in Hamiltonian H from Eqs. (13) can be formally separated to the kinetic energy (the first term containing P) and the potential energy (the second term eϕ − mV 2 /2). In a strong magnetic field (if B 0 is large), the gyrorotation is the fastest type of motion. We introduce new variables (so-called guiding center variables): α = R α + cP β /eB 0 , β = R β − cP α /eB 0 . Substituting dα = dR α + cdP β /eB 0 , dβ = dR β − cdP α /eB 0 into Eq. (13), we obtain a new symplectic structure:
Symplectic structure (14) has a standard (canonical) form "dp ∧ dr" and defines three pairs of canonically conjugate variables: (P α , cP β /eB 0 ), (P , R ), (R β , eB 0 R α /c). In Equation (14) the first term relates to gyrorotation, the second term relates to a particle field-aligned motion, and the third term relates to a particle cross-field drift. Thus, three types of motion have been separated in the symplectic structure. Let us consider the quadratic form of the kinetic energy in Hamiltonian (13):
whereN is 3 × 3 matrix, and index T means the transposed matrix. We use this form (N P) · P for following Hamiltonian transformations (note in the first term of Eq.(15) P is considered as a vector-row, and in the second and third terms -as a vector-column, · denotes the standard scalar product). The kinetic energy in Hamiltonian (13) is a second order polynomial of P α , P β , P . This polynomial has a minimum at some value of vector P ⊥ = (P α , P β ), P * ⊥ = C 0 (R , R ⊥ , t)P +C 1 (R , R ⊥ , t), where R ⊥ = (R α , R β ). Thus, we can write:
where g = g(R , R ⊥ , t), P * = P * (R , R ⊥ , t), and 2 × 2 matrixM = M (R , R ⊥ , t) are defined by coefficients of 3 × 3 matrixN with η = η(R , R ⊥ , cP ⊥ /eB 0 , t). For strong magnetic field, B 0 , H can be expanded over cP ⊥ /eB 0 : H = H 0 + (c/(eB 0 ))H 1 and
where all functions with subindex 0 depend on (R , R ⊥ , t). Hamiltonian equations for H 0 arė
where Ω 0 = eB 0 /mc, andĜ
Equations (18) show that P ⊥ changes with time much faster than (R , P ) and R ⊥ (note factor ∼ Ω 0 is large). This separation of time scales allows us to consider P ⊥ motion with frozen R , R ⊥ , t in the right hand side of the differential equation for P ⊥ . This motion is described by the following Hamiltonian H 00 and symplectic structure Θ 0 :
This is the motion of a linear oscillator with the frequency Ω = Ω 0 (detM 0 ) 1/2 . An important property of matrixM 0 is that (detM 0 ) 1/2 = |B|/B 0 . Thus the frequency of P ⊥ rotation is Ω = e|B|/mc. Denote I, θ action-angle variables for the Hamiltonian H 00 with the symplectic structure dP α ∧ dP β . For the linear oscillator the action equals to the ratio of energy and frequency (see Ref. [12] ). Thus H 00 = (1/m)(|B|/B 0 )I = (1/m)(Ω/Ω 0 )I, dP α ∧ dP β = dI ∧ dθ. The transformation of variables (P α , P β ) → (I, θ) is determined by a generating function S(P β , I, R , P , R α , R β , t). Here all variables but P β , I are considered as parameters.
Consider canonical transformation of all variables
which is determined by the generating function c eB 0 S(P β ,Ĩ, R ,P , R α ,R β , t) + R P + eB 0 c R αRβ
Old and new variables are related via formulas
(tilde marks new variables). So, the transformation of variables for all variables but P α , P β is close to identical. We expand the Hamiltonian with respect to differences of these new and old variables. The new Hamiltonian is H = H + (c/(eB 0 ))∂S/∂t. The principal termH 0 of the new Hamiltonian is the principal term H 0 of the old Hamiltonian in which P α , P β are expressed viaĨ,θ, and old variables (without tildes) are replaced by new variables (with tildes). Thus, the new Hamiltonian and symplectic structure have the form (tildes are omitted)
Functions g 0 , Ω, and U 0 depend on R , R α , R β , and time.
In the adiabatic approximation the action I is an adiabatic invariant: I = const. The magnetic moment of the particle µ = H 00 /B is related to this adiabatic invariant as follows: µ = I/(mB 0 ). In the adiabatic approximation the leading order Hamiltonian H 0 describes the guiding center motion according to the following equations:
Discussion and conclusions
We propose an approach for introduction of a magnetic moment as a phase variable into equations of motion of a charged particle in time-dependent electromagnetic field. The resulting equations have the form of a Hamiltonian system with the standard (canonical) symplectic structure. They describe dynamics of the magnetic moment as well as motion of the corresponding guiding centre. The final Hamiltonian describes separately the three types of a charged particle motion: the gyrorotation, the field-aligned motion, and cross-field drifts. This approach supplements the approach of the derivation of guiding center equation of motion in the form of Hamiltonian system with non-canonical symplectic structure [15, 7] .
The proposed approach allows to use in the considered problem all results of canonical adiabatic perturbation theory (e.g. about exponential time and exponential accuracy of conservation of an adiabatic invariance in analytic one-frequency systems), see, e.g., [3] , Sect. 6.4 and references therein. It allows also application of the canonical Hamiltonian perturbation procedure for corrections to the guiding centre motion, because it provides not only the guiding center Hamiltonian H 0 , but also the correction term H 1 (see Eq. (17)). This term is responsible for magnetic moment destruction. If the magnetic field configuration contains some singularities (e.g., resonances where the gyrophase rate of change drops to zero), the proposed approach provides an estimate of the accuracy of magnetic moment conservation [16, 8] .
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